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Abstrat
In this paper, we show how one an handle the formalism devel-
opped by Yurii Vorobjev in order to give general results about the
problems of linearisation and of normal form of a Poisson struture in
the neighborhood of one of its sympleti leaves.
1 Coupling tensors
Here, we summarize the tools onstruted by Vorobjev [Vo℄ that will be useful
for our purpose. In order to study a Poisson struture Π on the neighborhood
of one of its ompat leaves S, we an hoose a tubular neighborhood p :
E 7−→ S, seen as a vetor bundle, and onsider that Π is dened on E.
Denote n the rank of E, and 2s the dimension of S, while X (S) and Ω(S)
denote respetively the C∞(S)−modules of vetor elds and of 1−forms on
S. Let V er := ker p⋆ ⊂ TE denote the sub-bundle of vertial vetor elds,
and V er0 ⊂ T ⋆E its annihilator.
As Π is non-degenerate on S, one an always hoose E suh that that it
is horizontally non-degenerate, that is, veries:


Π♯(V er0) ∩ V er = {0}
dim Π♯(V er0) = dim S
ImΠ♯|S = TS,
(1.1)
where, as usual, Π♯ : T ⋆E 7−→ TE denotes the natural ontration α 7−→
iαΠ. By putting Hor := Π
♯(V er) one denes a subbundle of TE om-
plementary to V er, or equivalently, an Ehresmann onnetion, that is Γ ∈
Ω(E)
⊗
C∞(S) V er suh that Γ(XV ) = XV for all XV ∈ V er, Γ being just
the projetion onto V er with kernel Hor. For any Ehresmann onnetion,
given X ∈ X (S), there exists a unique setion of Hor that p−projets onto
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X, one alls it the horizontal lift of X and denotes it hor(X). The ur-
vature of Γ is an element of Ω2(S) ⊗C∞(S) V er, dened as CurvΓ(u, v) :=
[horu, horv] − hor[u, v]. Also, the ovariant derivative attahed to Γ, ∂Γ :
Ωk(S)
⊗
C∞(S) C
∞(E) 7−→ Ωk+1(S)
⊗
C∞(S) C
∞(E) dened by the follow-
ing:
(∂ΓF)(u0, u1, . . . , uk) :=
∑k
i=0(−1)
iLhor(ui)F(u0, u1, . . . , uˆi, . . . , uk)
+
∑
0≤i<j≤k(−1)
i+jF([ui, uj ], u0, u1, . . . , uˆi, . . . , uˆj , . . . , uk).
Geometri data on E are dened to be triples (Γ,V,F) with Γ an Ehres-
mann onnetion, V ∈ Λ2V er a vertial 2-vetor eld on E, and F ∈
Ω2(S)
⊗
C∞(S) C
∞(E) a non-degenerate 2-form on S with values in C∞(E).
The rst result of Vorobjev onsists into desribing any horizontally non-
degenerate 2−vetor eld on E as a geometri data.
Proposition 1.1. Geometri data on E are equivalent to horizontally non-
degenerate 2-vetor elds
proof: Given a non-degenerate 2−vetor eld Π on E (not supposed
to be Poisson), we dene Γ to be the Ehresmann onnetion with kernel
Hor := Π♯(V er), as explained above. Let ΓΛ2 : Λ2TE 7−→ V er the external
seond power of Γ, dene V ∈ Λ2V er as V := Γ2(Π), there only remains to
dene F .
As Π is horizontally non-degenerate, Φ := Π♯
|V er0
7−→ Hor is an isomor-
phism, so that one an dene F ∈ Ω2(S)
⊗
C∞(S)C
∞(E) by requiring:
F(u, v) = − < Φ−1(horu), horv >, ∀u, v ∈ X (S).
We refer the interested reader to [Vo℄ for the onstrution of the non-
degenerate vetor eld given a geometri data (Γ,V,F), prefering to desribe
the situation loally. ✷
Let (x1 . . . x2s) be a oordinate hart on an open neighborhood U of S
suh that p−1(U) = U ×Rn, with (y1 . . . yn) linear oordinates on the bers.
We an loally express Π as:
Π =
∑
i,j=1...2s
ΠXi,j∂xi∧∂xj+
∑
i=1...2s,k=1...n
2ΠXYi,k ∂xi∧∂yk+
∑
k,l=1...n
ΠYk,l∂yk∧∂yl,
with ΠXi,j , Π
XY
i,k , Π
Y
k,l ∈ C
∞(p−1(U)) satisfying ΠXi,j = −Π
X
j,i, and Π
Y
k,l =
−ΠYl,k. The horizontal non-degeneray ondition means that the matrix
(ΠXi,j) is invertible, let (Π
X
i,j
−1
) denote its inverse, we have:
Hor = Span
{
∂xi +
∑
j=1...2s,k=1...nΠ
X
i,j
−1
ΠXYj,k ∂yk, i = 1 . . . n
}
= Span
{
∂xi +
∑
k=1...n βi,k∂yk, i = 1 . . . n
}
,
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where βi,k :=
∑
j=1...2sΠ
X
i,j
−1
ΠXYj,k , so that we get the following loal formula
for horizontal lifts:
hor(∂xi) = ∂xi +
∑
k=1...n
βi,k∂yk.
Let us denote horizontal lifts Xi := hor(∂xi) for i = 1 . . . 2s. Putting
Vp,q := Π
Y
p,q −
1
2
∑
l=1...2s
βl,pΠ
XY
l,q − βl,qΠ
XY
l,p ,
allows us to inlude mixed terms ΠXYi,k ∂xi∧∂yk into basi ones Π
X
i,j∂xi∧∂xj :
Π =
∑
i,j=1...2s
ΠXi,jXi ∧Xj +
∑
k,l=1...n
Vk,l∂yk ∧ ∂yl.
This way, Vp,q appear to be the loal oeients for V, while F expresses as:
F(∂xi, ∂xj) = −
1
2
ΠXi,j
−1
.
Note that the above deomposition
Π = ΠH + V (1.2)
with ΠH =
∑
i,j=1...2sΠ
X
i,jXi ∧Xj ∈ Λ
2Hor is global on E.
Next proposition gives the Poisson ondition in terms of geometri data.
Proposition 1.2. Let Π be a horizontally non-degenerate 2-vetor eld on
E with orresponding geometri data (Γ,V,F). Then Π is Poisson if and
only if
[V,V] = 0, (i)
Lhor(X)V = 0 ∀X ∈ X (S), (ii)
∂ΓF = 0, (ii)
CurvΓ(u, v) = V
♯(dF(u, v)) ∀u, v ∈ X (S). (iv)
The proof an be arried out with a long alulus, so I refer mistrustful
(and ourageous) readers to my Phd. Thesis [Br℄.
Proposition 1.3. (Semi-loal splitting) Let Π be an horizontally non-
degenerate Poisson, with orresponding geometri data (Γ,V,F). In the de-
omposition 1.2:
Π = ΠH + V,
the 2-vetor eld ΠH is Poisson if and only if Γ has null urvature.
The proof lies in [Br℄, and is left to the reader.
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Remark 1.4. The problem of nding a tubular neighborhood p : E 7−→ S
suh that ΠH is Poisson is the semi-loal analog of Weinstein's splitting
theorem (see [We1℄,[We2℄), but may not hold if, for exemple, E does not
admit onnetions without urvature. However, some positive answer will
be given later on.
Before giving onditions under whih we will be able to onstrut some
homotopy between two horizontally non-degenerate Poisson strutures hav-
ing same vertial part, let us preise some notations.
Given φ ∈ Ω1(S) ⊗C∞(S) C
∞(E), one denes V♯(dφ)h ∈ Ω
1(E) ⊗C∞(E)
χ(V er) by putting
V♯(dφ)h(X) := V
♯
x(dxφ(p⋆X)) ∈ V erx ∀x ∈ E, ∀X ∈ TxE.
It is easily veried that this denition point by point assures C∞(E)-linearity.
Besides, given φ1, φ2 ∈ Ω
1(S) ⊗C∞(S) C
∞(E) two 1-forms on S with
values in C∞(E), it is dened {φ1, φ2}V to be the 2-form on S with values in
C∞(E) (that is {φ1, φ2}V ∈ Ω
2(S)⊗C∞(S)C
∞(E)) suh that for all u1, u2 ∈
χ(S):
{φ1, φ2}V(u1, u2) := V
(
dφ1(u1), dφ2(u2)
)
− V
(
dφ1(u2), dφ2(u1)
)
.
Proposition 1.5. Let Π and Π′ two horizontally non-degenerate Poisson
struture on some vetor bundle E over a ompat base S, with orresponding
geometri datas (Γ,V,F) et (Γ′,V ′,F ′). Suppose that Π and Π′ have same
vertial part and oinide on S:
V ′ = V
F ′(u1, u2)|S = F(u1, u2)|S ∀u1, u2 ∈ X (S).
If there exists some 1-form with values in C∞(E), φ ∈ Ω1(S)⊗C∞(S)C
∞(E)
suh that:
Γ′ = Γ− V♯(dφ)h
F ′ = F + ∂Γφ+
1
2{φ, φ}V ,
then there exists neighborhoods U ,U ′ of S in E and a dieomorphism Φ :
U 7−→ U ′ suh that
Φ⋆Π = Π
′
Φ|S = IdS .
Let' s just sketh the proof (see [Vo℄ for the details). It onsists in
onstruting some homotopy between Π and Π′, that is just the ow of a
time-dependant vetor eld Xt linked to φ via the non-degeneray ondition
for F . The onditions on φ are exatly the ones for Xt to assure that it will
trat Π to Π′.
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2 Linearisation near a sympleti leaf
The problem of linearising a Poisson struture that vanishes at one point
was studied in [Co℄, [Du1℄, [Du2℄, [Du3℄, [D-Zu℄... In this setion, we want
to see how these results extend to a full neighborhood of a xed sympleti
leaf, in the most general situation possible.
Proposition 2.1. (Linearisation of the vertial part) Let Π an hori-
zontally non-degenerate Poisson struture on some vetor bundle p : E 7−→ S
over a ompat base S, with orresponding geometri data (Γ,V,F). Sup-
pose that, fore some x ∈ S, the germ of V at x is linearisable (as a Poisson
struture on Ex), then the germ of Π along S is equivalent to the one of a
Poisson struture with assoiated geometri data (Γ′,V(1),F ′), for some Γ′
and F ′. Here V(1) denotes the linear part of V.
proof: The vertial part is loally trivial (as V is invariant by a onne-
tion aording to ondition (ii)) so the proposition is trivial if S is some ball.
For more general S, the problem is to paste loal linearising harts. The ar-
gument is the following: instead of linearising diretly V, one onstruts a
vetor eld Z ∈ X (E) suh that:
[Z,V] = −V (2.1)
Z(1) = L, (2.2)
where Z(1) denotes the part of order one in the bers of Z , and L =∑
i=1...n yi∂yi the so alled Liouville vetor eld (note that the form
∑
i=1...n yi∂yi
does not depend on the hosen trivialisation of the vetor bundle E as it is
equivalent to requiring that the ow φt of Z
(1)
is multipliation by exp(t)).
The vetor eld Z turns out to be globally linearisable, so that, up to a
dieomorphism dened on a some neighborhood of S, we have
[L,V] = −V.
It is then a basi fat that this last ondition fores V itself to be berwise
linear.
There remains to onstrut Z: let (Ui)i∈I some nite over of S with Ui
open balls of S, that admit trivialisations ψi : p
−1(Ui) 7−→ Ui × R
n
of the
vetor bundle E, and (ρi)i∈I some subordinate partition of unity. The loal
triviality of V, both with the linearisability ondition enables to onstrut
vetor elds Zi over p
−1(Ui) suh that
[Zi,V] = −V
Z
(1)
i = L.
Let Z :=
∑
i∈I ρiZi, then 2.2 is easily veried, and 2.1 holds beause ρi are
basi and V vertial. ✷
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Proposition 2.2. (Changing the onnetion) Let Π an horizontally non-
degenerate Poisson struture on some vetor bundle p : E 7−→ S over a
ompat base S, with orresponding geometri data (Γ,V,F). Suppose that
the rst Poisson ohomology spae H1(Vx) of V at some x ∈ S is trivial, and
let Γ′ some onnetion leaving V invariant.
Then the germ of Π along S is equivalent to the one of a Poisson struture
with assoiated geometri data (Γ′,V,F ′), for some F ′.
proof: Aording to 1.5, we only have to onstrut some φ ∈ Ω1(S)⊗C∞(S)
C∞(E) suh that:
Γ = Γ′ + V♯(dφ)h.
Keeping the same notations as before, over p−1(Uj) Γ and Γ
′
take the form
Γ(∂xi) = −
∑n
k=1 βi,k∂yk
Γ′(∂xi) = −
∑n
k=1 β
′
i,k∂yk.
As Γ and Γ′ are supposed to leave V invariant, we have
[ n∑
k=1
(βi,k − β
′
i,k)∂yk,V
]
= 0, ∀i = 1 . . . 2s.
whih means that
∑n
k=1(βi,k − β
′
i,k)∂yk is a 1-oyle for the Poisson o-
homology of V (with parameters in Ui). By hypothesis, there exist φ
j
i ∈
C∞(p−1(Uj)) suh that for all i = 1 . . . 2s,
[V, φji ] =
n∑
k=1
(βi,k − β
′
i,k)∂yk.
Let φj :=
∑
i=1...2s φi ⊗ dxi, one gets on p
−1(Uj)) some 1−form suh that
Γ = Γ(1) + V♯(dφj)h.
It is easily veried that, as ρi are basi, φ :=
∑
j∈J ρjφ
j
gives the desired
1-form.✷
We are now handing enough tools to state the following theorem.
Theorem 2.3. (Semi-loal linearisation of Poisson strutures) Let
Π an horizontally non-degenerate Poisson struture on some vetor bundle
p : E 7−→ S over a ompat base S, with orresponding geometri data
(Γ,V,F). Suppose that the germ of V at x is linearisable (as a Poisson
struture on Ex) for some x ∈ S and that the rst Poisson ohomology spae
H1(V
(1)
x ) of V(1) is trivial.
Then the germ of Π along S is equivalent to the one of a Poisson struture
with assoiated geometri data (Γ(1),V(1),F). Here V(1) and Γ(1) respetively
denote the linear parts of V and Γ.
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proof: First apply proposition 2.1: up to a dieomorphism, Π has asso-
iated geometri data (Γ,V(1),F), then Γ loally takes the form
hor(∂xi) = ∂xi +
∑
j=1...n
( ∑
k=1...n
βki,j(x)yk + βˆi,j(x, y)
)
∂yj ,
with βˆi,j of order higher than one in the yi−variables. Just isolating terms
of order one in the equation
Lhor(∂xi)V
(1) = 0,
one sees that Γ(1) leaves V invariant, so we only have to apply proposition
2.2.✷
We an immediately derive the following orollaries.
Corollary 2.4. (Semi-loal non-degeneray of Poisson strutures)
Let Π an horizontally non-degenerate Poisson struture on some vetor bun-
dle p : E 7−→ S over a ompat base S, with orresponding geometri data
(Γ,V,F). Suppose that the vertial linear part V
(1)
x at some x ∈ S is non-
degenerate and that the rst Poisson ohomology spae H1(V
(1)
x ) of V(1) is
trivial.
Then the germ of Π along S is equivalent to the one of a Poisson struture
with assoiated geometri data (Γ(1),V(1),F ′) for some F ′.
Corollary 2.5. (Semi-loal non-degeneray of transversally om-
pat semi-simple Poisson strutures) Let Π an horizontally non-degenerate
Poisson struture on some vetor bundle p : E 7−→ S over a ompat base S,
with orresponding geometri data (Γ,V,F). Suppose that the vertial linear
part V
(1)
x at some x ∈ S is assoiated to a ompat semi-simple Lie algebra.
Then the germ of Π along S is equivalent to the one of a Poisson struture
with assoiated geometri data (Γ(1),V(1),F ′) for some F ′.
3 Semi-loal splitting
Last theorem enables us to write ertain Poisson strutures Π as
Π = ΠH + V
(1)
in a neighborhood of some leaf S, with ΠH induing some linear onetion on
E. That' s what we mean by global linearisation. But up to now, we didn' t
are about the 2-form F , the rst question being: what an we expet of it ?
Some motivation is given by proposition 1.3, as we an see in proposition 1.2
that the urvature of Γ is intimely linked to F . We already pointed out the
neessary ondition that E shall admit some onnetion without urvature,
so this ondition is not restritive in the following proposition.
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Theorem 3.1. Let Π an horizontally non-degenerate Poisson struture on
some vetor bundle p : E 7−→ S over a ompat base S, with orresponding
geometri data (Γ,V,F). Suppose that the vertial part Vx at some x ∈ S
has trivial rst Poisson ohomology spae H1(Vx), and that there exists some
Ehresmann onnetion Γ′ without urvature leaving V invariant.
Then, up to a dieomorphism on a neighborhood of S, Π deomposes into
Π = ΠH + V,
with ΠH and V Poisson strutures suh that ΠH is regular and V vertial,
vanishing on S.
proof: Just apply propositions 2.2 and 1.3.
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